Abstract. We consider the intuitionistic fuzzification of the concept of subalgebras and ideals in BCK-algebras, and investigate some of their properties. We introduce the notion of equivalence relations on the family of all intuitionistic fuzzy ideals of a BCK-algebra and investigate some related properties.
Introduction.
After the introduction of the concept of fuzzy sets by Zadeh [9] several researches were conducted on the generalizations of the notion of fuzzy sets. The idea of "intuitionistic fuzzy set" was first published by Atanassov [1, 2] , as a generalization of the notion of fuzzy set. The first author (together with Hong, Kim, Kim, Meng, Roh, and Song) considered the fuzzification of ideals and subalgebras in BCK-algebras (cf. [3, 4, 5, 6, 7, 8] ). In this paper, using the Atanassov's idea, we establish the intuitionistic fuzzification of the concept of subalgebras and ideals in BCK-algebras, and investigate some of their properties. We introduce the notion of equivalence relations on the family of all intuitionistic fuzzy ideals of a BCK-algebra and investigate some related properties.
Preliminaries. First we present the fundamental definitions. By a BCK-algebra
we mean a nonempty set X with a binary operation * and a constant 0 satisfying the following conditions:
(I) ((x * y) * (x * z)) * (z * y) = 0, (II) (x * (x * y)) * y = 0, (III) x * x = 0, (IV) 0 * x = 0, (V) x * y = 0 and y * x = 0 imply that x = y for all x, y, z ∈ X.
A partial ordering "≤" on X can be defined by x ≤ y if and only if x * y = 0. A nonempty subset S of a BCK-algebra X is called a subalgebra of X if x * y ∈ S whenever x, y ∈ S. A nonempty subset I of a BCK-algebra X is called an ideal of X if (i) 0 ∈ I, (ii) x * y ∈ I and y ∈ I imply that x ∈ I for all x, y ∈ X. By a fuzzy set µ in a nonempty set X we mean a function µ : X → [0, 1], and the complement of µ, denoted byμ, is the fuzzy set in X given byμ(x) = 1 − µ(x) for all x ∈ X. A fuzzy set µ in a BCK-algebra X is called a fuzzy subalgebra
An intuitionistic fuzzy set (briefly, IFS) A in a nonempty set X is an object having the form 
For the sake of simplicity, we shall use the symbol
Intuitionistic fuzzy ideals.
In what follows, let X denote a BCK-algebra unless otherwise specified. 
is an intuitionistic fuzzy subalgebra of X.
Proposition 3.3. Every intuitionistic fuzzy subalgebra
Proof. For any x ∈ X, we have
This completes the proof. Define an IFS A = (α A ,β A ) in X as follows:
where
Proof. Let x, y, z ∈ X be such that x * y ≤ z. Then (x * y) * z = 0, and thus 5) this completes the proof.
that is, α A is order-reserving and β A is order-preserving.
Proof. Let x, y ∈ X be such that x ≤ y. Then x * y = 0 and so
This completes the proof.
is an intuitionistic fuzzy ideal of X, then for any x, a 1 ,a 2 ,...,a n ∈ X, (···((x * a 1 ) * a 2 ) * ···) * a n = 0 implies
Proof. Using induction on n and Lemmas 3.6 and 3.7, the proof is straightforward.
Theorem 3.9. Every intuitionistic fuzzy ideal of X is an intuitionistic fuzzy subalgebra of X.
Proof. Let A = (α A ,β A ) be an intuitionistic fuzzy ideal of X. Since x * y ≤ x for all x, y ∈ X, it follows from Lemma 3.7 that
so by (IF2) and (IF3),
This shows that A = (α A ,β A ) is an intuitionistic fuzzy subalgebra of X.
The converse of Theorem 3.9 may not be true. For example, the intuitionistic fuzzy subalgebra A = (α A ,β A ) in Example 3.2 is not an intuitionistic fuzzy ideal of X since
(3.11)
We now give a condition for an intuitionistic fuzzy subalgebra to be an intuitionistic fuzzy ideal. Proof. Let A = (α A ,β A ) be an intuitionistic fuzzy ideal of X. Clearly, α A is a fuzzy ideal of X. For every x, y ∈ X, we havē
(3.14)
Henceβ A is a fuzzy ideal of X.
Conversely, assume that α A andβ A are fuzzy ideals of X. For every x, y ∈ X, we get For any t ∈ [0, 1] and a fuzzy set µ in a nonempty set X, the set
is called an upper t-level cut of µ and the set
is called a lower t-level cut of µ.
Theorem 3.13. An IFS A = (α A ,β A ) is an intuitionistic fuzzy ideal of X if and only if for all s, t ∈ [0, 1], the sets U(α A ; t) and L(β A ; s) are either empty or ideals of X.

Proof. Let A = (α A ,β A ) be an intuitionistic fuzzy ideal of X and U(α
so that x ∈ U(α A ; t). Hence U(α A ; t) is an ideal of X. Now let x, y ∈ X be such that x * y ∈ L(β A ; s) and y ∈ L(β A ; s). Then β A (x * y) ≤ s and β A (y) ≤ s, which imply that
, and therefore L(β A ; s) is an ideal of X. Conversely, assume that for each t, s ∈ [0, 1], the sets U(α A ; t) and L(β A ; s) are either empty or ideals of X.
we have
is not an ideal of X, which is a contradiction. Finally, assume that there exist a, b ∈ X such that 
for all x ∈ X is an intuitionistic fuzzy ideal of X.
Proof. According to Theorem 3.13, it is sufficient to show that U(α A ; t) and L(β A ; s) are ideals of X for every t ∈ [0,α A (0)] and s ∈ [β A (0), 1]. In order to prove that U(α A ; t) is an ideal of X, we divide the proof into the following two cases: 
For the case (iii), we have 
